Any covering Y ! X of a hyperbolic Riemann surface X ofnite area determines an inclusion of Teichm uller spaces Teich(X) ,! Teich(Y ). We show this map is an isometry for the Teichm uller metric if the covering is amenable, and contracting otherwise. In particular, we establish jj jj < 1 for classical Poincar e series (Kra's`Theta conjecture').
Let Q(X) denote the space of holomorphic quadratic di erentials (z)dz 2 on X, such that jj jj = Z X j (z)j jdzj 2 < 1:
With the above norm, Q(X) is a Banach space. Let B X = f : jj jj < 1g denote the open unit ball in Q(X).
Research partially supported by an NSF Postdoctoral Fellowship. Now suppose f : Y ! X is a covering map. Then there is a natural operator : Q(Y ) ! Q(X) (pull-back over branches of f ?1 and sum). This operator is similar to pushforward of measures, except that variations in the phase of over di erent sheets may cause cancellation. Thus jj jj 1.
In Teichm uller theory, Q(X) is the cotangent space to the Teichm uller space of X, the norm introduced above is the in nitesimal form of the Teichm uller cometric, and is the coderivative of the map Teich(X) ! Teich(Y ) induced by the covering Y ! X (see Gard] ).
was introduced by Poincar e in the case of the universal covering of a hyperbolic Riemann surface of nite type Poin].
We will show that jj jj < 1 for these classical Poincar e series; this is Kra's`Theta conjecture'.
More generally, say a covering Y ! X is amenable if there are large balls with small boundary in a graphic caricature of the covering (see xx2 and 3.) If X is of nite type, its universal cover is nonamenable. The corollary is immediate from nite dimensionality of Q(X), and the necessity and su ciency of Hamilton's condition for an extremal quasiconformal map (see Str2] ). Contraction of the inclusion of Teich(X) into universal Teichm uller space can be restated as follows: Corollary 1.3 Let f : X 1 ! X 2 be a Teichm uller mapping between hyperbolic Riemann surfaces of nite type. Then the map e f : ! obtained by lifting f to the universal covers of X 1 and X 2 is not extremal among quasiconformal maps with the same boundary values (unless f is conformal).
Dependence on moduli
It is useful to understand how the amount of contraction of the inclusion Teich(X) , ! Teich(Y ) depends on the geometry of X. Using an Euler characteristic argument we obtain: Theorem 1.4 (Geometric Bound) Let X be a hyperbolic Riemann surface of nite type, Y ! X an in nite-sheeted covering space with nitely generated fundamental group. Then jj Y=X jj < c(n; L) < 1, where c(n; L) is a continuous function of n = the number of generators of 1 (Y ) and L = the length of the shortest geodesic on X.
Thus the amount of contraction is controlled by the location of X in moduli space. (However there is no global bound { see x10 below.) Application to 3-manifolds.
A key tool in Thurston's construction of hyperbolic structures on 3-manifolds is the skinning map, an iteration on Teichm uller space whose xed point yields a geometric structure Th2]. The skinning map factors through canonical maps between Teichm uller spaces whose contraction is controlled by a re nement of the geometric bound above (Theorem 11.1). In a sequel Mc] , this re nement is coupled with the theory of geometric limits of quadratic di erentials (developed in the Appendix below) to give a new, analytic proof of the existence of a xed point.
Outline of the paper.
We begin with a sketch of the proof of Theorem 1.1 for a nonamenable covering.
Suppose ( ) = . To prevent loss of mass, the phase of must nearly agree with that of the pull-back of to Y , at least over a region Y 0 which contains most of the mass of j j. But agreement of phase implies the mass distribution of mimics that of , which in the large is determined by the combinatorics of the covering Y ! X. For a nonamenable covering, most of the mass of Y 0 will be near its boundary, where the pairing is ine cient by a de nite amount; this forces jj jj < 1.
xx2 and 3 develop the combinatorial theory of amenable and nonamenable graphs and coverings, and establish the global features of the argument above. Explicit`rates of nonamenability' are estimated in x4; these estimates provide many examples of nonamenable coverings and also play a role in the proof of Theorem 1.4.
x5 is a study of the shape of the unit ball in Q( ), which justi es the local part of the argument: quadratic di erentials with nearly synchronized foliations have similar mass distributions.
In x6, we formulate a` berwise' version of the statement jj jj < 1; this is established in x7, and we deduce the nonamenable half of Theorem 1.1 in x8. x9 treats the case of amenable coverings, completing the proof of Theorem 1.1.
In xx10 and 11 we analyze the proof further to obtain the dependence on moduli (Theorem 1.4 and its re nements). The discussion in x10 draws on classical results in Teichm uller theory, while x11 employs a geometric limit argument.
Finally x12 sketches a generalization to Poincar e series for higher order di erentials and quotients of bounded domains in C n .
The Appendix develops the theory of geometric limits of quadratic dif- 
Nonamenable graphs and slowly varying functions
In this section we will isolate some combinatorial properties of nonamenable groups, and more generally nonamenable graphs. The added generality will allow us to deal with irregular covers.
De nitions. Let G be a graph. For any set V of vertices of G, de ne b(V ), the border of V , to be the set of vertices at distance 1 from V . (A vertex at distance 1 is connected to V by an edge but does not itself lie in V ).
De ne the expansion of G as the in mum of jb(V )j=jV j as V ranges over all nite sets of vertices. If the expansion is 0, G is amenable. Otherwise G is nonamenable, and the size of the border of any set of vertices is a de nite fraction of the size of the set itself.
For example: an in nite tree in which every vertex has degree d is amenable for d = 2, but nonamenable, with expansion = (d ? 2), when d is 3 or more. Now let f : V ! R be a positive integrable function on a subset V of the vertices of G (i.e. P x2V f(x) < 1.) For x in the border b(V ), de ne F(x) = sup ff(y) : y is adjacent to x.g Theorem 2.1 Suppose that G is nonamenable with expansion , and f is slowly varying in the sense that, for some , 0 < < 1, f(x) f(y) whenever x and y are adjacent vertices of V. Then
Remarks.
1. Of course f(x) ?1 f(y) by symmetry. 2. If f varies su ciently slowly, a de nite fraction of its mass is picked up by F. This mass will give a de nite contribution to the contraction of in x7. 3. Setting f 1 on V and = 1 gives jb(V )j jV j as a special case. Proof. For every integer n, let V n denote the subset of V on which f(x) n . Then V n is an increasing sequence of nite sets and V n is empty for n su ciently negative. Let B n = b(V n ) \ b(V ), and let v n and b n denote jV n j and jB n j respectively. By the slow variation of f, b(V n ) B n t (V n+1 ? V n ), so by nonamenability, b n + v n v n ; where v n = v n+1 ? v n is the usual combinatorial derivative. Applying this inequality after integrating by parts (note that n < 0), we nd X n+1 b n = ? X b n n X v n n ? v n n ;
where we sum over all integers n. Integrating the second term on the right by parts, this can be rewritten X n+1 b n ( ? 1 + ) X n v n :
Now f(x) is bounded above by n on V n+1 ? V n , so the sum appearing on the right is an upper bound for P f(x); similarly the left hand sum is a lower bound for P F(x), establishing the theorem.
In geometric situations, we will deal exclusively with graphs of bounded degree (there is a bound on the number of edges attached to each vertex).
A set of vertices I is independent if no two elements of I are joined by an edge.
Proposition 2.2 Let G be a graph of degree at most d, f : V ! R a nonnegative integrable function on the verices of G. Then there exists a set of independent vertices I such that
Proof. Sort the vertices of G so f(x) is descending (f(x 0 ) f(x 1 ) :::), and construct I by a greedy algorithm: recursively add to I the next vertex in sequence which is not adjacent to those already chosen. Then every vertex y not in I can be assigned to an adjacent vertex x in I so f(x) f(y). This assignment is at most d-to-1, and the proposition follows.
3 From coverings to graphs.
In this section we de ne (in several equivalent ways) the notion of an amenable, but possibly irregular covering. ( Gre] is a concise reference for the theory of amenable groups, of which this material is a generalization; see also Pier].) All manifolds considered are assumed smooth and connected. Let X be a manifold, p : Y ! X a covering, p : 1 (Y ) 1 (X) the induced inclusion of fundamental groups (for our considerations basepoints will be unimportant). Examples.
1. Solvable groups are amenable, as are subgroups and quotient groups of amenable groups. 2. The free group on 2 or more generators is nonamenable. 3. Any nonelementary Fuchsian group contains a free group on 2 generators, and hence is nonamenable. 4. In particular, the fundamental group of a hyperbolic Riemann surface of nite type is nonamenable. 5. Subexponential growth implies amenability, but there are amenable groups with exponential growth | such as the solvable group < x; y : xy = y 2 x >.
Using graphs, one can give a more combinatorial characterization of an amenable covering.
Assume for the moment that 1 (X) has a nite generating set G. From this data, construct the coset graph as follows: take the cosets 1 (X)= 1 (Y ) as vertices, and connect x 1 (Y ) and y 1 (Y ) by an edge if there exists a g in G such that gx 1 (Y ) = y 1 (Y ). This graph is a combinatorial model for the covering.
It will be useful to introduce ner models, as follows. A net E on X is a collection of simply connected open sets, whose union U is connected, such that E \ E 0 is either empty or connected for any two members of E.
To E we associate its Cech graph, whose vertices are the elements of E and whose edges join E and E 0 i E \ E 0 6 = ;. The Cech graph is the same as the 1-skeleton of the nerve of E.
There is an induced net on Y , which we denote by p (E), whose elements are the components of p ?1 (E) for each E in E.
Our second combinatorial model for the covering p : Y ! X is the Cech graph of p E. Proposition 3.1 A covering p : Y ! X is amenable i one of the following equivalent conditions is satis ed:
1. The coset graph of K=(K \ 1 (Y )) is amenable for every nitely generated subgroup K of 1 (X). 2. The pullback of the covering to X 0 is amenable for every submanifold of X 0 of X with nitely generated fundamental group. 3. The Cech graph of p E is amenable for every nite net E on X.
Equivalence of the three conditions is easy to check. That the rst condition is equivalent to the existence of an invariant mean on the coset space is essentially Rosenblatt's generalization of F lner's condition Ros].
As we will never make use of the invariant mean, the reader may also take these combinatorial conditions as the de nition of amenability.
4 Explicit expansion constants.
Let Y ! X be a covering of surfaces, H , ! G the corresponding inclusion of fundamental groups. Assume both H and G are nitely generated. We will give an estimate for expansion constant of the coset graph G=H which depends only on Euler characteristics.
This estimate provides many examples of irregular nonamenable coverings, and will also be used to obtain bounds on jj jj which depend only on the location of X in moduli space (x10).
Of course the expansion constant depends on a choice of generating set G for G. Any surface group may be presented as: G = < a 1 ; : : : ; a n > or G = < a 1 ; b Proof. The presentation given for G corresponds to a cell complex C which is either a bouquet of circles or a compact surface. There is a covering e C corresponding to H, whose 1-skeleton is the coset graph.
Let V e C be a nite set of vertices, and let D be the largest subcomplex 
jV jC 2 from which the theorem follows. In particular, if (G) < 0 the coset graph is nonamenable with expansion bounded below independent of the embedding of H into G.
Proof. Combine the preceding Theorem with the estimate b(V ) 1, which holds so long as the coset graph is in nite.
Example. Let X be a hyperbolic Riemann surface of nite type, and let S X be a proper incompressible subsurface. which is nonamenable by the result above. Furthermore the expansion is bounded below independent of the choice of S, since (X) < (S) 0.
Coverings induced by subsurfaces are said to be geometric. Any covering Y ! X with 1 (Y ) nitely generated is virtually geometric, i.e. it becomes geometric when pulled back to a nite covering of X Scott].
5 Flex of the unit sphere in Q( ).
This section lays the analytic groundwork for the proof of Theorem 1.1.
Let Q(X) be the Banach space of quadratic di erentials on a Riemann surface X, introduced in the x1. There is a natural pairing between Q(X) and M(X), the space of measurable Beltrami di erentials (z)dz=dz with jj jj = sup X j (z)j < 1;
In fact the dual of Q(X) is the quotient of M(X) by the subspace annihilated by Q.
Given any of norm 1, = =j j is the unique element of norm 1 in M(X) such that < ; >= 1. Geometrically, this means the unit sphere in Q(X) has no sharp corners | at each point there is a unique supporting hyperplane.
On the unit disk , consider the quadratic di erential (z) = dz 2 = . Then is a point on the unit sphere in Q( ).
Theorem 5.1 Let be an element of the unit sphere in Q( ), such that < ; =j j > = 1 ? :
Then jj ? jj < O( ) for some xed exponent .
Remark. The pairing between and =j j gives the average, with respect to j j-measure, of the cosine of twice the angle between the foliations of and . (The foliation of is just the foliation of the disk by horizontal lines.) The theorem says that if the foliations are nearly synchronized, then is close to .
Proof. Writing jj:jj and <; > in coordinates, our task is to show that Remarks.
1. In terms of the geometry of Banach spaces, the theorem states that a point of the unit sphere in Q(X) which is close to the supporting hyperplane for is close to itself; intuitively, the sphere is` exed'
at . If Q(X) were a Hilbert space with its usual norm, the theorem would be true with = 1=2.
2. Conversely, say a point p of the unit sphere S of a Banach space is at if for any hyperplane H supporting S at p, there exist < p n > of norm 1 whose distance from H tends to 0 but jjp?p n jj > > 0. Then many points of the unit sphere in Q(X) are at. For example, let < z i > be a sequence of points in the disk such that the hyperbolic balls B(z i ; r i ) are disjoint and r i ! 1. Let M i : ! be a sequence of M obius transformations such that M i (z i ) = 0, and
where the constant c is chosen to give this expression norm 1 in Q( ). It is not hard to check that < M i (dz 2 = ); =j j > ! 1 but these di erentials do not approach in the norm topology. 3. There is a close relationship between exing of the unit sphere and re exivity. For example, a theorem of Milman asserts that a uniformly convex Banach space is re exive Mil]; see also Pet]. Q( ) is not re exive, but its unit ball is uniformly convex at certain points, such as .
6 The nonamenable case: selecting the net. To set up the proof, we rst construct a net E on X such that p E detects the nonamenability of the covering.
Recall that gives rises to a at conformal metric on X with quadratic form j (z)jjdzj 2 (see e.g. Str3] ). At the zeros of the metric has cone-like singularities; these will not concern us.
If (x) 6 = 0, there is a neighborhood V of x and a conformal isomorphism g : (V; x) ! ( r ; 0) such that jV = g (dz 2 ) (here r denotes the disk of radius r centered at the origin in C ). The map g is an isometry from themetric to the Euclidean metric, and V is an embedded r-ball in the -metric.
Let r(x) denote the injectivity radius of at x, i.e. the radius of the largest embedded r-ball centered at x. Now choose a nite net E on X such that, for some xed r > 0, (a) Each element of E is an embedded r-ball in the -metric; and (b) The Cech graph of p E is nonamenable. This is easily done, for example as follows. By nonamenability, there is a nitely generated subgroup K of 1 (X) whose coset graph is nonamenable. Choose a basepoint at which 6 = 0 and smooth loops generating this subgroup. The loops may also be chosen to avoid the zeros of . By compactness, the injectivity radius of on the loops is bounded below by some s > 0. Let E be a nite covering of the union of the loops by embedded r-balls, where r = s=2. Any two balls which meet are contained in an embedded s-ball, so their intersection is connected, just as in Euclidean space; thus E is a net. Finally the subgroup K is carried by E, so the Cech graph of p E is nonamenable. For an example in the case of the universal covering of a punctured torus, see Figure 2 .
Our bound on jj jj will depend on the following quantities:
1. The expansion constant of the Cech graph of the induced net F = p E; 2. The degree of this graph (which is at most jEj);
3. The -area of S E; and 4. The minimum overlap between elements of E. This is the minimum fraction of the -area of an element E which is shared with an overlapping element E 0 .
7 Capturing jj jj berwise.
Let be an element of Q (Y ) such that jj jj = 1. To establish Theorem 6.1, we will bound jj ( )jj away from 1 by an amount which is independent of . In this section, any bounds written using O(.) will involve constants which are independent of .
( ) = t for some constant t. Replacing by t =jtj if necessary, we many assume t 0. In other words, e cient neighbors have nearly the same mass, and a de nite amount of mass is inherited from an e cient neighbor.
Proof. Assume both ine ciencies are near 0. By the Lemma above, there are constants c and c 0 such that c and c 0 are L 1 -close to p on F and F 0 respectively. Thus m(F) and m(F 0 ) are given approximately by r 2 =c and r 2 =c 0 . Now F and F 0 overlap a de nite amount with respect to p -area, since their overlap is bounded below by the minimum overlap in E. It follows that the constants c and c 0 must be close, else there would be a de nite deviation from p on the overlap. Making this precise yields the bound given.
If only i(F) is near zero, it still follows that the -mass of the overlap is a de nite fraction of m(F). The overlapping mass also contributes to m(F 0 ), so m( Proof. For each C n , de ne an averaging operator A n : L 1 ( ) ! L 1 (Y ) as follows:
Since =Y (h g ) = =Y (g ) whenever h is in ? Y , this expression does not depend on what g we choose to represent a given coset.
The following properties are easily veri ed:
Y=X (A n ( )) = =X ( ).
Theorem 9.1 As n ! 1, jjA n ( )jj ! jj =X ( )jj:
Proof. Let denote a measurable fundamental domain for the action of ? X on the disk. We may assume is an integrable function whose support is contained in F , the inverse images of under a nite set F ? X , since such are dense in L 1 ( ). A coset C corresponds to an un lled tile in the support of A n ( ) exactly when F ?1 C meets, but is not contained in, C n . Thus the number of such tiles is at most jFj jfC : F ?1 C 6 C n gj which is small compared to jC n j as n ! 1. Over an un lled tile the integral of jA n ( )j is bounded by jj jj=jC n j, so the contributions to jjA n ( )jj coming from the un lled tiles of Y tend to 0, establishing the theorem.
As a corollary, we may complete the:
Proof of Theorem 1.1: amenable case.
Let be an element of norm < 1 in Q(X). By completeness of Poincar e series, there exists a in Q( ) such that =X ( ) = . Setting n = A n ( ), we have Y=X ( n ) = and by the theorem above, jj n jj is also eventually less than 1. Assuming this for the moment, we specialize to the case where X is of nite type. Fix a nite generating set G for 1 (X). As remarked in x6, the covering Y enters only combinatorially into the estimate for jj jj: Theorem 10.2 (Combinatorial bound) For any nonamenable covering Y ! X, jj jj < f( ) < 1;
where is the expansion of the coset graph of 1 (X)= 1 (Y ) with respect to G, and f is a function which depends only on X. Proof. We simply analyze the dependence of the proof upon Y . Since 1 (X) is nitely generated we may choose the net E so that S E carries the fundamental group of X. The expansion of p E is then bounded below in terms of the expansion of the coset graph, and so the corollary is true Remarks.
1. Properness means jj jj ! 1 as Z tends to in nity in moduli space. Thus there is no uniform bound over all of M g;n .
2. Theorem 1.4 is an immediate corollary. Let W ! X be the covering space for a cyclic subgroup generated by . W may be identi ed with the annulus: fz : 1 < jzj < exp(2 2 =L)g:
Most of the mass of the quadratic di erential = dz 2 =z 2 is concentrated in the thin part of W, which injects into the thin part of X. Proof. In this case X am = X thin .
Proof of the Theorem 11.1. We will use the idea of geometric limits of quadratic di erentials and their underlying Riemann surfaces, developed in the Appendix below.
Let n = Yn=Xn ( n ) where jj n jj = 1, and assume jj n jj ! 1. The portion of j n j which lies over the thin part of X n is already carried by the amenable part of Y n , by de nition. Any other portion lies over a component of the thick part of X n .
Let Z n be any component of the thick part of X n , and x > 0. We will show that the limsup of the j n j-mass of p ?1 (Z n ) ? (Y n ) am is at most . Since is arbitrary and the number of thick components is bounded, this will complete the proof: the amenable part carries most of the mass of j n j when n is large.
Since n is pushing down more and more e ciently, Z E j n j ? So assume the j n j-mass of Z n is bounded below by m. Choose a baseframe v n over any point of Z n . By compactness of the space PQ g;n of projective classes of quadratic di erentials viewed at the scale of the injectivity radius (Theorem A.3.1 below), we may pass to a subsequence such that (X n ; v n ; c n n ) converges geometrically to (X; v; ). Here c n is a sequence of nonzero constants and 6 = 0. Since the j n j-mass of Z n is between m and 1, we may assume c n = 1.
The limiting Riemann surface X is hyperbolic and of nite type, since the baseframe was chosen in the thick part. Z n converges geometrically to a component Z of the thick part of X.
Construct a nite net E on Z composed of embedded r-balls in the j jmetric, as in x6, such that E carries the fundamental group of Z and the j j-mass of S E is within of that of Z. By taking r-balls in the j n j-metric about points converging geometrically to the centers of the balls in E, we can construct nets E n converging geometrically to E for all n su ciently large. Then the geometric data concerning E n (enumerated in x6) on which the bound obtained in Theorem 6.1 ( contracts bers) depends, converges to the data for E.
Thus, if lim jj n jj = 1, the combinatorial input to the berwise bound | the expansion n of the Cech graph of p E n | must tend to zero.
Z n must belong to the liftable part of X for all large n; otherwise the Cech graph corresponds to a covering by a proper incompressible subsurface of Z n , whose expansion is bounded below by Corollary 4.2(Uniform expansion).
So assume that Z n is isotopic into the subsurface of X n de ning the covering Y n . Then the Cech graph of p E n consists of countably many components, one of which is nite (and corresponds to the isomorphic lift of Z n to (Y n ) am ), and the rest of which are in nite (and correspond to the universal cover of Z n ). The expansion is uniformly bounded below on the in nite components; thus the j n j-mass of p ?1 ( S E n )?(Y n ) am tends to zero. Since the j n j-mass of Z n ? S E n is at most , the limsup of the j n j-mass of p ?1 (Z n ) ? (Y n ) am is also at most , as claimed.
12 Quotients of bounded domains.
Poincar e series on the disk have a natural generalization in the setting of automorphic forms of weight q 2 for the action of a discrete group ? on a bounded domain C n (see e.g. Ba]). The quotient space X = =? has the structure of a normal complex analytic space, and automorphic forms of weight d correspond to holomorphic sections of the qth power of the canonical bundle of X; call such a section a q-canonical form.
Let K(z; w)dzdw denote the Bergman kernel on , where dz = dz 1 dz n as usual. Then jK(z; z)jjdzj 2 , the Bergman density is a natural volume form Sketch of the Proof. The amenable case is a straightforward generalization of the proof for quadratic di erentials on the disk, once given surjectivity of q . Surjectivity seems to be unknown in general, but it is established for quotients of bounded symmetric domains by Earle and Resniko , see Earle] . For the nonamenable case, the key points are the following. First, the proof for quadratic di erentials may be modi ed to avoid use of completeness of Poincar e series; in fact, the demonstration that uniformly contracts the space Q (Y ) works just as well so long as ( ) is close to a multiple of .
Secondly, away from its zeros any q-canonical form (z)dz q is equal to dz q for appropriate choice of chart.
Finally, in such a chart the ratio of the Bergman density to the volume element jdzj 2n varies smoothly, so it is nearly constant on su ciently small neighborhoods. The local problem of generalizing Theorem 5.1 so it applies in these neighborhoods is fairly straightforward. The global considerations are only combinatorial and carry over immediately.
We give X the geometric topology: a sequence of pairs converges i the curvatures converge and the groups ? converge in the Hausdor topology on closed subsets of PSL 2 (C).
Proposition A.2.1 The space of Riemann surfaces X is compact in the geometric topology.
Proof. The space of closed subgroups of a Lie group such as PSL 2 (C) is compact in the Hausdor topology. The limiting groups are discrete by our condition on the injectivity radius.
This proposition is well-known and goes back to Chabauty, who introduced the geometric topology in the general setting of a locally compact topological group Cha]; see also Har], Th1].
Geometric limits of Riemannian manifolds with controlled curvature have been considered much more generally; see Gr] . The geometric topology coincides with the quasi-isometric topology, in which a neighborhood of (X; v) consists of those (Y; w) admitting a smooth near-isometry taking v to w de ned on a large compact subset of X. Nearby surfaces need not be homeomorphic.
Example. Let X be a hyperbolic Riemann surface with a puncture, v n a sequence of base-frames tending to the omitted point. Rescale the Poincar e metric so the injectivity radius at v n remains greater than one. The limiting Riemann surface is an in nite cylinder | or a plane, if we rescale so the injectivity radius tends to in nity.
Our main concern will be with holomorphic data on X, which is independent of the metric. Rather, the metric provides a convenient way to pass smoothly from hyperbolic to parabolic Riemann surfaces, as in the example.
A.2.1 Compact surfaces with punctures.
A Riemann surface X is of nite type if it is obtained from a compact surface by removing a nite set of points; these points are the punctures of X. Let X g;n X denote the space of nite type Riemann surfaces of genus g with n punctures.
We can compactify X g;n by forming its closure in X. Proposition A.2.2 For n > 0, X g;n = fX h;m : 2h + m 2g + n; 0 h g; 1 mg:
while for n = 0, X g;0 = X g;0 X g?1;2 ; if g > 0; and X 0;0 = X 0;0 X 0;1 :
In particular, the space of hyperbolic surfaces of genus g with n punctures is compacti ed by the plane, the punctured plane and hyperbolic surfaces of smaller complexity.
Sketch of the proof. Genus and volume can only decrease in the geometric limit. When combined with Gauss-Bonnet and the fact that a limit of noncompact surfaces is noncompact, this implies the closure of X g;n is no larger than stated. The reverse inclusion is established by surgery: joining surfaces at punctures, or gluing pairs of punctures together; and by obvious scaling limits, such as a sequence of larger and larger spheres converging to the plane.
A.2.2 The universal curve.
Over X one can construct the universal curve C, the space whose ber over (X; v) is X itself. To de ne C, start with the bundle of universal covers f(z; (U ; ?)) : z 2 U g b C X ! X and form the quotient space C by collapsing the ber over (U ; ?) by the action of ?. We give C the quotient topology; the quotient map is a local homeomorphism.
This construction provides a way to formalize many notions whose intuitive meaning is clear.
For example, we say a closed set E X is a geometric limit of E n X n if E n ! E in the Hausdor topology on closed subsets of the universal curve. The convergence is faithful if any neighborhood of E contains E n for all n su ciently large; this means no points are lost in the limit by straying to in nity.
Similarly, say a sequence of continuous maps f n : X n ! Z converges to f : X ! Z in the geometric topology if their graphs converge in the Hausdor topology on C Z. This de nition will be useful in describing the geometric topology on quadratic di erentials and rational maps.
A.2.3 Quadratic di erentials.
Let Q ! X denote the space of triples (X; v; ) where (z)dz 2 is a holomorphic quadratic di erential on X. The canonical bundles on each (X; v) in X piece together to form a continuous complex line bundle K ! C on the universal curve, with holomorphic structure along each ber. The topology on Q is simply the geometric topology on continuous maps whose target Z is total space of the bundle K K.
In down-to-earth terms, a sequence of quadratic di erentials converges if the underlying Riemann surfaces converge and lifts of the di erentials to the universal covers converge uniformly on compacta.
Note that we impose no growth constraints on and allow essentially singularities; however those arising in the compacti cation of PQ g;n will have only nite order poles at punctures.
A.2.4 Covering spaces.
Let Y X X denote the`universal covering space'. An element of Y is given by a pair of pointed Riemann surfaces ((Y; w); (X; v)) admitting a covering map p : Y ! X whose derivative sends w to v. The map p is redundant data; if it exists, it is unique. The geometric topology on Y is inherited from X X; it's easy to check that Y is a closed subspace, The push-forward is a well-de ned holomorphic di erential so long as R p ?1 (K) j j < 1 for every compact set K. In this case we say is berwise integrable.
How continuous is the Poincar e series as a function of its input data? Consider, for example, an integrable di erential on the universal cover of a compact hyperbolic surface X. For any nontrivial element in the covering group, n = ( n ) ! 0 geometrically, while p ( n ) remains constant, so lim p ( n ) 6 = p (lim n ) in general. To obtain continuous variation of the push-forward, we must constrain the geometric topology on quadratic differentials so that signi cant contributions cannot disappear in the limit by straying to in nity.
To make this precise, consider a sequence of coverings p n : (Y n ; w n ) ! (X n ; v n ) and quadratic di erentials n on Y n . Assume the coverings converge geometrically to p : (Y; w) ! (X; v), n ! on Y , and n and are integrable along the ber.
Think of j n j as a sequence of measures on the universal curve. We say the convergence is faithful if for every > 0 there is a compact set K on the universal curve whose complement has j n j-measure less than for all n su ciently large. Since there is uniform convergence on K and the total mass of the remainder is small, it is easy to see: A.2.6 Systems of disjoint simple loops.
Let S denote the space of triples (X; v; S) where S 6 = ; is a nite system of disjoint simple closed curves on X (up to isotopy), with no curve contractible and no pair isotopic.
To de ne the geometric topology, rst assume X is hyperbolic; give X its Poincar e metric. To S we associate a compact subset K(S) X consisting of a component of the thin part for each peripheral curve or short geodesic in S, and a geodesics representative for the remaining elements of S. If X is not hyperbolic, we think of all of X as thin and set K(S) = X. Then (X n ; v n ; S n ) converges geometrically to (X; v; S) i K n (S n ) converges faithfully to K(S). (We do not allow curves to disappear in the limit by straying to in nity.)
Equivalently, S may be thought of as a subset of the fundamental group ? of X consisting of a nite union of conjugacy classes; then the geometric topology is the topology of faithful convergence of closed subsets of PSL 2 (C).
Example. Let (X n ; v n ) be a sequence of punctured tori converging to a triply punctured sphere (X; v) by pinching a simple geodesic S n . Then the limiting thin part has a two components, and the limit of S n consists of two loops, one around each of the two new punctures. This phenomenon occurs whenever a nonseparating curve is pinched.
A.2.7 Maps to b
C of bounded degree. C is a holomorphic map which is at most d-to-1. Motivated by the example of rational maps on the sphere, we de ne the geometric topology by: (X n ; v n ; f n ) ! (X; v; f) if the rst two factors converge as before, and there exists a nite set E X such that f n ! f geometrically on compact subsets of X ? E.
If f is not the constant map to 1, it is a meromorphic function; f is invertible if it is also not identically 0.
Theorem A.2.6 R d is compact in the geometric topology. Moreover, for any sequence f n of invertible meromorphic functions, there exist constants c n such that c n f n has a convergent subsequence whose limit is invertible.
Proof. Let (X n ; v n ; f n ) be a sequence in R d ; we may assume that the rst two factors converge to a pair (X; v), and each f n is nonconstant (otherwise the theorem is obvious).
Let E n X n denote the pre-images of 0, 1 and 1 under f n . Then jE n j 3d. Passing to a subsequence, we may assume E n converges geometrically to a nite set E X; some points of E n may be lost by straying far from the basepoint, but this is irrelevant. By Montel's theorem, < f n > has a subsequence converging uniformly to a holomorphic map f outside of E. The limiting map is at most d-to-1, so any singularity at E is removable, and we have obtained a limiting f : X ! b C . The limiting map can be identically zero or in nity only if every point of E is a limit of a zero or a pole of f n . Pick a sequence x n 2 X n ? E n converging to x 2 X ? E, and set c n = 1=f n (x n ). For the new sequence c n f n (x), x will be a limit of the pre-images of 1 but not a limit of zeros or poles, so f will be invertible.
A.3 Compact spaces of quadratic di erentials.
A holomorphic quadratic di erential on a Riemann surface X has a beautiful concrete picture: it is the combination of a foliation and a at metric, with isolated singularities. One way to see the structure is to change coordinates locally so that = dz 2 ; in these coordinates the metric is the usual Euclidean metric, and the foliation is by lines of constant imaginary part. Such a change of coordinates is always possible away from the zeros of , and is well-de ned up to post-multiplication by ?1 (thus the foliation is unoriented.)
Any real multiple of has the same foliation. In this section we establish compactness of a class of quadratic di erentials determined only up to multiples. One consequence is that the foliation of a quadratic di erential on a surface of type (g; n), with at most simple poles at the punctures, ranges through a compact set of pictures when viewed at the scale of the injectivity radius.
An example appears in Figure 3 . The rst picture is the foliation of a quadratic di erential in the plane with four simple poles (one prong singularities) and one zero (three pronged). This can be thought of as a holomorphic di erential on the four-times punctured plane. Now imagine shrinking the picture towards the zero, while holding a basepoint a xed distance away. The limiting Riemann surface is the once-punctured plane, and the limiting di erential has a triple pole at the single puncture consolidating what was once four punctures. De nitions.
As before, Q denotes the space of quadratic di erentials with the geometric topology. Let PQ = Q =C be the quotient of the set of nonzero quadratic di erentials by the multiplicative action of complex scalars, with the quotient topology. Now restrict attention to quadratic di erentials on Riemann surfaces in X g;n , i.e. those with genus g and n punctures. Let Q g;n denote those with at most simple poles at the punctures of X. The ber of Q g;n over X 2 X g;n is canonically identi ed with the cotangent space to Teichm uller space at X, once a marking is chosen.
Theorem A.3.1 PQ g;n has compact closure in PQ. Remarks.
1. The quadratic di erentials compactifying PQ g;n live on the Riemann surfaces compactifying X g;n , i.e. the plane, the punctured plane and hyperbolic surfaces of smaller complexity. The limiting di erentials may have poles of high order at the punctures (although they certainly have no essential singularities.)
2. The bers of PQ g;n ! X g;n are projective spaces; in general this is not true for the closure PQ g;n ! X g;n as we will see in examples. 3. This compacti cation is related to, but quite distinct from, the compacti cation of moduli space by Riemann surfaces with nodes and the extension of the cotangent bundle to this completion, discussed in DM], Bers], Masur], EaMa] and elsewhere. One might further investigate the analytic or algebraic structure of PQ g;n ; however its topological structure will be su cient for our applications. 4. PQ itself is certainly not compact; for example, in the unit disk with basepoint at z = 0, the sequence z n dz 2 ] has no limit in PQ.
A.3.1 Quadratic di erentials from simple closed curves.
To begin the proof, we construct continuous families of quadratic di erentials using Poincar e series. Proof. If Y i is an annulus, j (Y i )j is integrable and hence its push-forward is holomorphic with at most simple poles. Otherwise Y i is a punctured plane or punctured disk. Each puncture has a neighborhood mapping injectively to a neighborhood of a puncture on X, creating a double pole for ; j j is integrable outside a neighborhood of the punctures, so its push-forward is holomorphic.
To check that 6 = 0, rst suppose that X is a hyperbolic Riemann surface and S is a system of disjoint simple geodesics. Then Wolpert has shown the di erentials p ( i ) are linearly independent Wol, Theorem 3.7]. In fact, there is a perfect pairing between these di erentials, thought of as elements of the cotangent space to Teichm uller space at X, and the Fenchel-Nielsen twist-vector elds for each curve i ]. (Wolpert's proof is given for compact surfaces, but easily extends to the general situation.)
Otherwise, some element of S represents a peripheral curve around a puncture p of X. Then 6 = 0 because it has a double pole at p.
A.3.2 Variation of Poincar e series.
Proposition A.3.3 The mapping : S ! Q associating a quadratic differential to a system of simple closed curves is continuous.
Proof. Let (X n ; v n ; S n ) ! (X; v; S). It is easy to reduce to the case jS n j = 1; then S consists of one or two curves, depending on whether or not a nonseparating curve is pinching o .
To start, assume jSj = 1. Choose basepoints lying over v n ! v on the corresponding covering spaces, such that (Y n ; w n ) ! (Y; w); then the corresponding quadratic differentials n converge geometrically to on Y . To demonstrate that (X n ; v n ; S n ) ! (X; v; S); it is enough to show that the convergence of n to is berwise faithful (by Proposition A.2.5).
We check this case by case.
1. X = C . (a) X n = C for all n. This case is trivial.
(b) S n are geodesics on hyperbolic surfaces. In the at j n j-metric, each Y n is a nite cylinder of xed circumference whose height is tending to in nity. In the Poincar e metric, the thick part of Y n consists of two annuli at the ends of Y n whose j n j-heights are uniformly bounded. Let K n ! K be a faithfully convergence sequence of compact sets on X n ! X. For n large, K n is entirely contained in the component of the thin part corresponding to S n , and its preimage on Y n consists of one component in the thin part (which persists in the limit) and other components in the thick part (near the ends of Y n ); see Figure 4 . The boundary of the thin part on Y n lies over the boundary of the thin part on X n , while the Poincar e distance from K n to the boundary of the thin part tends to in nity; thus the lifts of K n in the thick part of Y n are con ned to a narrow neighborhood of the ends of Y n and their j n j-area tends to zero. Thus n ! faithfully berwise. (c) S n correspond to punctures on hyperbolic surfaces.
A similar argument applies, with half-in nite cylinders.
2. X is hyperbolic.
(a) S is a geodesic.
The Poincar e length`(S) = lim`(S n ), and j n j-area of Y n is a continuous function of`(S n ), so no mass is lost in the limit and the convergence is faithful.
(b) S is a puncture which is a limit of punctures. Each Y n is a half-in nite cylinder, such that the portion at xed j n j-distance from the nite end injects into a neighborhood of the puncture. It follows that the convergence is berwise faithful.
(c) S is a puncture which is a limit of separating geodesics. The thin part corresponding to S n is bounded by a`near end' and a`far end'. The distance of a faithfully convergent sequence of compact sets K n from the far end tends to in nity. Each Y n is a nite cylinder, on which the lifts of K n to the near end persist in the limit, while those in the far end have small area by the same Poincar e metric argument as in case 1b. Thus the convergence is berwise faithful.
Finally we treat the case jSj = 2, which we record as:
(d) S is a pair of punctures which are the limit of nonseparating geodesics.
Now both ends of the thin part corresponding to S n remain a bounded distance from the basepoint. Let (Y; w) and (Y 0 ; w 0 ) denote the two coverings of X corresponding to the two limiting punctures. We may choose basepoints w n and w 0 n near each of the two ends of Y n , such that (Y n ; w n ) ! (Y; w) and (Y n ; w 0 n ) ! (Y 0 ; w 0 ). Then the pre-images of K n near one end persist on (Y; w), while those in the other end persists on (Y 0 ; w 0 ). Since (X; v; S) is de ned as the sum of these two Poincar e series, (X n ; v n ; S n ) ! (X; v; S) as claimed.
A.3.3 The closure of PQ g;n is compact.
Proof of Theorem A.3.1. Let (X n ; v n ; n ]) be a sequence in Q g;n . We may assume (X n ; v n ) ! (X; v) 2 X g;n .
Suppose X is a hyperbolic surface with a simple geodesic whose free homotopy class is S. Then we can nd corresponding homotopy classes S n on X n such that (X n ; v n ; S n ) ! (X; v; S), and hence n = (X n ; v n ; S n ) ! = (X; v; S):
Each of these di erentials is nonzero with at most double poles. Set f n = n = n . Since n has at most simple poles, f is a meromorphic function of degree at most 4g?4+3n. By Theorem A.2.6, there is a sequence of constants c n such that c n f n has a subsequence converging to an invertible function f uniformly on compact subsets of X ? E, where E is a nite set. Since n is holomorphic, c n n converges geometrically even at E, to f = .
Thus n ] ! ] in PQ. Now suppose X is the punctured plane or the triply punctured sphere. The same argument applies, with S a peripheral curve around each puncture.
(It is here we use continuity of (X; v; S) when two punctures are sewn together.)
Finally suppose X = (C; 0). Rescale X n so its injectivity radius at the basepoint is 1; then a subsequence has a limit (X 0 ; v 0 ; 0 ), since X 0 cannot be a plane. It follows that the unrescaled di erentials accumulate on points of the form (C; 0; (z)dz 2 ]), where 6 = 0 is a polynomial whose degree is bounded by the order of zero of at the basepoint on X 0 .
A.4 Low dimensional examples.
We conclude with some examples of geometric limits.
1. Here is a complete description of the compacti cation of PQ 0;4 , the quadratic di erentials on the four-times punctured sphere. First, X 0;4 is compacti ed by spheres with 1, 2 or 3 punctures. There is a unique projective class of di erential with simple poles on a four-times punctured sphere; it has no zeros, so the same is true of the limit. The limiting di erential on a triply-punctured sphere have poles of orders (1,1,2); those on C have poles of orders (1; 3) and (2; 2); and the only limit on C is dz 2 ], with a fourth order pole at in nity. The orders of poles determine the projective class uniquely. Since the poles can be distributed to various punctures, the bers of the compacti cation over C ? f0; 1g and C consist of three points, hence are not projective spaces. Certain linear combinations of limiting di erentials have zeros, hence do not occur. 2. Consider PQ 1;2 , the quadratic di erentials on twice-punctured tori.
On a compact torus two pairs of points Z and P are the zeros and poles of a quadratic di erential i Z ?P = 0 in the group law (a torus is its own Jacobian). The four times punctured sphere arises as a limit of twice punctured tori by pinching a non-separating curve; normalize so the two new punctures are at 0 and 1. Then any limiting di erential has the form = f(z)dz 2 =z 2 , where the zeros and poles of f now satisfy Z=P = 1 in the group law on C (assuming the divisor of f does not meet 0 or 1.) The condition Z=P = 1 is equivalent to the condition that the residues of at 0 and 1 agree.
3. As a nal example, we construct a family of di erentials on compact surfaces of genus 2. Fix a torus with a holomorphic di erential dz 2 . Cut open two segments of the horizontal foliation, each of length L, and paste in a cylinder of height H and circumference 2L with its foliation by circles. The result is a quadratic di erential on a surface of genus two, with four zeros at the endpoints of the slits.
Suppose the slits are the sides of a square and L ! 0 while H=L is xed. For a basepoint on the cylinder, the limit di erential lives on a punctured torus and has a fourth order pole. Further degenerations yield di erentials with poles of order (4; 2; 2) on C ? f0; 1g, of order (4; 4) on C , and of order 8 on C .
Remark.
It would be interesting to have an explicit description of the closure of PQ g;n in PQ.
The local form of a quadratic di erential at a point p is determined by the order N of zero or pole at p, and a complex residue R if N is even and ?2 (see Str3] ). An implicit description of the compacti cation can be given by`regenerating' an element of PQ g;n . The regeneration is speci ed by a quadratic di erential on a possibly disconnected Riemann surface X, plus pairs of punctures (to be glued together) where the orders and residues of are compatible. It seems di cult, however, to describe which (X; ) and gluing diagrams actually exist.
